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Abstract
The Pfaffian method enumerating perfect matchings of plane graphs was discovered by Kasteleyn.
We use this method to enumerate perfect matchings in a type of graphs with reflective symmetry
which is different from the symmetric graphs considered in [J. Combin. Theory Ser. A 77 (1997) 67,
MATCH—Commun. Math. Comput. Chem. 48 (2003) 117]. Here are some of our results: (1) If G is
a reflective symmetric plane graph without vertices on the symmetry axis, then the number of perfect
matchings of G can be expressed by a determinant of order |G|/2, where |G| denotes the number
of vertices of G. (2) If G contains no subgraph which is, after the contraction of at most one cycle
of odd length, an even subdivision of K2,3, then the number of perfect matchings of G × K2 can
be expressed by a determinant of order |G|. (3) Let G be a bipartite graph without cycles of length
4s, s ∈ {1,2, . . .}. Then the number of perfect matchings of G ×K2 equals
∏
(1 + θ2)mθ , where the
product ranges over all non-negative eigenvalues θ of G and mθ is the multiplicity of eigenvalue θ .
Particularly, if T is a tree then the number of perfect matchings of T × K2 equals
∏
(1 + θ2)mθ ,
where the product ranges over all non-negative eigenvalues θ of T and mθ is the multiplicity of
eigenvalue θ .
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By a simple graph G = (V (G),E(G)) we mean a finite undirected graph, that is, one
with no loops or parallel edges, with the vertex-set V (G) = {v1, v2, . . . , vn} and the edge-
set E(G) = {e1, e2, . . . , em}, if not specified. A set M of edges in G is a matching if every
vertex of G is incident with at most one edge in M; it is a perfect matching if every vertex
of G is incident with exactly one edge in M . We denote by M(G) the number of perfect
matchings of G. If M is a perfect matching of G, an M-alternating cycle in G is a cycle
whose edges are alternately in E(G)\M and M . Let G be a graph. We say that a cycle C of
G is nice if G−C contains a perfect matching, where G−C denotes the induced subgraph
of G obtained from G by deleting the vertices of C. Let G = (V (G),E(G)) be a graph
allowed to have loops but have no parallel edges, and let Ge be an arbitrary orientation
of G. The skew adjacency matrix of Ge, denoted by A(Ge), is defined as follows:
A(Ge) = (aij )n×n, aij =
{1 if (vi, vj ) ∈ E(Ge),
−1 if (vj , vi) ∈ E(Ge) and i = j,
0 otherwise.
Generally speaking, skew adjacency matrix A(Ge) is not a skew symmetric matrix. In fact,
A(Ge) is a skew symmetric matrix if and only if G contains no loops.
Let G be a simple graph and let G0,G1,G2, . . . ,Gk be graphs such that G0 = G and,
for each i > 0, Gi can be obtained from Gi−1 by subdividing an edge twice. Then Gk is
said to be an even subdivision of G. Throughout this paper, G × H denotes the Cartesian
product of two graphs G and H .
Let G be a simple graph. We say G has reflective symmetry if it is invariant under the
reflection across some straight line l (the symmetry axis). In [3] Ciucu gave a matchings
factorization theorem of the number of perfect matchings of a symmetric plane bipartite
graph in which there are some vertices lying on the symmetry axis l but no edges crossing l.
Ciucu’s theorem expresses the number of perfect matchings of G in terms of the product
of the number of perfect matchings of two subgraphs of G each one of which has nearly
half the number of vertices of G. On the other hand, in [23] Zhang and Yan proved that
if a bipartite graph G without nice-cycles of length 4s, s ∈ {1,2, . . .} was invariant under
the reflection across some plane (or straight line) and there were no vertices lying on the
symmetry plane (or axis) then M(G) = |detA(G+)|, where G+ is a graph having loops
with half the number of vertices of G, and A(G+) is the adjacency matrix of G+.
In this paper, we will consider first a symmetric plane graph G (which does not need
to be bipartite) in which there are no vertices lying on the symmetry axis l. In other
words, G is invariant under reflection across some symmetry straight line. Our first result
is to prove that the number M(G) of perfect matchings of G can be expressed by the
determinant of the skew adjacency matrix of some orientation Ge of a graph G which
contains loops and has half the number of vertices of G. This result leads naturally
to a corollary: if G is an outerplanar graph (a graph is outerplanar if it is planar and
embeddable into the plane such that all vertices lie on the outer face of the embedding),
then the number of perfect matchings of G × K2 can be expressed by the determinant
of the skew adjacency matrix of some orientation Ge of a graph G obtained from G by
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G contains no subgraph which is, after the contraction of at most one cycle of odd length,
an even subdivision of K2,3, then M(G × K2) can be expressed by the determinant of the
skew adjacency matrix of some orientation Ge of a graph G obtained from G by adding
a loop to every vertex of G. Our third result is to prove that if G is a bipartite graph without
cycles of length 4s, s ∈ {1,2, . . .}, then the number of perfect matchings of G×K2 equals∏
(1 + θ2)mθ , where the product ranges over all non-negative eigenvalues θ of G and mθ
is the multiplicity of eigenvalue θ .
The starting point of this paper is Kasteleyn’s Pfaffian method for enumerating perfect
matchings [14,15]. If D is an orientation of a simple graph G and C is a cycle of even
length, we say that C is oddly oriented in D if C contains odd number of edges that
are directed in D in the direction of each orientation of C. We say that D is a Pfaffian
orientation of G if every nice cycle of even length of G is oddly oriented in D. It is well
known that if a graph G contains no subdivision of K3,3 then G has a Pfaffian orientation
(see Little [17]). McCuaig [19], McCuaig et al. [20], and Robertson et al. [21] found
a polynomial-time algorithm to show whether a bipartite graph has a Pfaffian orientation.
Lemma 1 [15,18]. Let Ge be a Pfaffian orientation of a graph G. Then
M2(G) = detA(Ge),
where A(Ge) is the skew adjacency matrix of Ge.
Lemma 2 [18]. Let G be a plane graph, and Ge an orientation of G such that every
boundary face—except possibly the infinite face—has an odd number of edges oriented
clockwise. Then Ge is a Pfaffian orientation.
Lemma 3 [14,15,18] (Kasteleyn’s theorem). Every plane graph has a Pfaffian orientation
satisfying the condition in Lemma 2. Such an orientation can be constructed in polynomial
time.
Lemma 4 [18]. Let G be any simple graph with even number of vertices, and Ge an
orientation of G. Then the following three properties are equivalent:
(1) Ge is a Pfaffian orientation.
(2) Every nice cycle of even length in G is oddly oriented in Ge.
(3) If G contains a perfect matching, then for some perfect matching F , every F -alter-
nating cycle is oddly oriented in Ge.
Lemma 5 [10]. If G is a simple graph containing no subgraph which is, after the
contraction of at most one cycle of odd length, an even subdivision of K2,3, then G has
an orientation under which every cycle of even length is oriented oddly. Furthermore, such
an orientation is a Pfaffian orientation of G.
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general characterization of graphs that have an orientation under which every cycle of even
length has a prescribed parity.
Now let us recall the relationship between the terms of the determinant of a real matrix
A = (aij )n×n and the 1-factors of its associated weighted digraph. Let A be a matrix of
order n. A digraph D(A) with n vertices labelled by the integers from 1 to n is defined as
follows. If aij = 0 then there is an arc from vertex i to vertex j with associated weight aij
in D(A), where 0 < i, j  n. Clearly, in this digraph loops are allowed and different arcs
with the same head and tail are not allowed. A 1-factor of D(A) is defined to be a spanning
subgraph of D(A) which is regular of in-degree and out-degree 1. The following results
were first exploited by König [16] and were developed by Coates [4].
Lemma 6 [2,7]. Let A be a matrix of order n and Ω be the set of 1-factors of D(A). Then
detA =
∑
h∈Ω
(−1)Lhf (h),
where the summation ranges over every 1-factor of D(A), Lh is the number of components
with even number of vertices of h and f (h) is the product of the weights of arcs in h.
Lemma 7 [8,9,11,24]. Let G be a bipartite graph with 2n vertices and let A and M(G)
denote the adjacency matrix and the number of perfect matchings of G, respectively.
Then detA = (−1)n[M(G)]2 if and only if G has no nice cycles of length 4s, where
s ∈ {1,2, . . .}.
2. Main results
Let G be a simple connected graph with the symmetry axis (or plane) l and assume that
there are no vertices lying on l (we consider l to be vertical). Then the set of edges of G
crossing l forms an edge cut B of G. If we delete the edges of B from G, two isomorphic
subgraphs (the left and right half of G) are obtained (see Fig. 1), denoted by L(G) and
R(G), respectively.
Now we define a graph G obtained from the left half of G and use the determinant of the
skew adjacency matrix of some orientation of G to calculate the number M(G) of perfect
matchings of G. In fact, G is obtained from G by adding a loop to each vertex in the left
half of G which is an end vertex of an edge in edge cut B . By this definition the graph G
obtained from the graph indicated in Fig. 1 is pictured in Fig. 2.
Theorem 8. Let G be a symmetric connected plane simple graph with no vertices lying
on the symmetry axis l, and let G be the graph described above. Then there exists
an orientation Ge of G such that the number M(G) of perfect matchings of G equals
|detA(Ge)|, where A(Ge) denotes the skew adjacency matrix of Ge.
Proof. By Kasteleyn’s theorem (Lemma 3) the left half L(G) of G has a Pfaffian
orientation satisfying conditions in Lemma 2. We denote this orientation by L(G)e. If
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Fig. 1. (a) A symmetric graph G. (b) The left half L(G) of a symmetric graph G.
Fig. 2. The graph G obtained from G in Fig. 1.
we reverse the orientation of each arc of L(G)e, then we can obtain an orientation of R(G)
satisfying conditions in Lemma 2, denoted by R(G)e. Hence, R(G)e is the converse of
L(G)e. It is clear that R(G)e is a Pfaffian orientation of R(G). For example, the left half
L(G) of G in Fig. 1 has a Pfaffian orientation L(G)e satisfying conditions in Lemma 2,
which is pictured in Fig. 3(a). Figure 3(b) shows the corresponding Pfaffian orientation
R(G)e of R(G) obtained from the orientation L(G)e .
Hence, we have oriented every edge of G except the edges in edge cut B in G which
cross the symmetry axis l. For every edge in B , let the direction be from the left to the
right. Hence, we obtain an orientation of G, denoted by Ge. For the graph G in Fig. 1 and
the orientations L(G)e and R(G)e of the left half L(G) and the right half R(G) of G in
Fig. 3, by the above definition, the corresponding orientation Ge of G is showed in Fig. 4.
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Fig. 3. (a) A Pfaffian orientation L(G)e of L(G). (b) Pfaffian orientation R(G)e of R(G).
Fig. 4. An orientation Ge of G obtained from R(G)e and L(G)e in Fig. 3.
It is clear that every boundary face in Ge intersected by l is oddly oriented clockwise.
Note that every boundary face in Ge—except the faces intersected by symmetry axis l
and possibly the infinite face—has an odd number of edges oriented clockwise. Hence,
the orientation Ge of G satisfies conditions in Lemma 2. Consequently, Ge is a Pfaffian
orientation of G. By a suitable labelling of vertices of Ge, the skew adjacency matrix
A(Ge) of Ge has the following form:
A(Ge) =
[
A R
−R −A
]
,
where A is the skew adjacency matrix of L(G)e . Hence, we have AT = −A. By our
assumption, the reflection interchanges each pair of end vertices of the edges in B . Thus,
R is represented to be a diagonal matrix. By Lemma 1 we have
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M(G)
]2 = det[ A R−R −A
]
= det
[
A+ R A +R
−R −A
]
= det
[
A +R 0
−R R − A
]
= det(A+ R)det(R − A).
Note that det(R − A) = det(R − A)T = det(R + A). Hence, we prove that
M(G) = ∣∣det(A+ R)∣∣.
For the graph G described above, let Ge be the orientation of G obtained from the
orientation L(G)e by adding a loop to each vertex in L(G)e which is an end vertex of
an edge in edge cut B . It is clear that A + R equals the skew adjacency matrix A(Ge) of
Ge. The theorem is thus proved. 
Corollary 9. Let G be a simple graph. If G is an outerplanar graph then there exists
a Pfaffian orientation Ge of G such that the number M(G × K2) of perfect matchings of
G×K2 equals det(A(Ge)+ I), where A(Ge) is the skew adjacency matrix of Ge and I is
the identity matrix.
Proof. Noting that G is an outerplanar graph, it is clear that G × K2 is a plane graph (see
[13]). Note that G × K2 can be obtained as follows. Take two copies of G, denoted by G1
with vertex-set V (G1) = {v′1, v′2, . . . , v′n} and G2 with vertex-set V (G2) = {v′′1 , v′′2 , . . . , v′′n}
(we say that G1 and G2 are the left half and right half of G × K2, respectively), and
add an edge v′iv′′i between every pair of corresponding vertices v′i and v′′i of G1 and G2,
respectively. It is clear that the resulting graph is G × K2 and all edges added v′iv′′i (for
1  i  n) between the left half and the right half of G × K2 form a perfect matching of
G × K2, denoted by M . It is obvious that M is an edge cut of G × K2. Hence, G × K2
is a symmetric plane graph which has no vertices lying on the symmetry axis l crossed
by edges in the edge cut M . Note that the left half of graph G × K2 is isomorphic to G.
Then graph G × K2 described above is the one obtained from G by adding a loop to every
vertex of G. Hence, by Theorem 8 there exists a Pfaffian orientation Ge of G such that
M(G × K2) =
∣∣det(A(Ge) + I)∣∣= det(A(Ge) + I).
The corollary is thus proved. 
Example 10. Let G be an n × 2 grid graph pictured in Fig. 5(a), which is an outerplanar
graph. It is obvious that the orientation Ge of G showed in Fig. 5(b) is a Pfaffian orientation
of G. The skew adjacency matrix A(Ge) of Ge has the following form:
A(Ge) =
[
A I
−I −A
]
, where A =


0 1
−1 0 1
−1 0 1
. . .
. . .
. . .
−1 0 1


n×n
.
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Fig. 5. (a) An n × 2 grid graph G. (b) A Pfaffian orientation of an n × 2 grid graph G.
By Corollary 9, we have
M(G × K2) = M(Pn × K2 × K2) = M(Pn × C4) = det
(
A(Ge) + I),
where Pn is a path with n vertices and I is an n × n identity matrix. Note that the
eigenvalues of A are 2i cos (kπ)/(n+ 1) (k = 1,2, . . . , n) (see [7]). Hence, the eigenvalues
of matrix A(Ge) + I are
1 ± i
√
1 + 4 cos2 kπ
n + 1 (k = 1,2, . . . , n).
So we have
M(G × K2) = M(Pn × C4) = det
(
A(Ge) + I)
=
n∏
k=1
(
1 + i
√
1 + 4 cos2 kπ
n + 1
)(
1 − i
√
1 + 4 cos2 kπ
n + 1
)
=
n∏
k=1
(
2 + 4 cos2 kπ
n + 1
)
= 2n
n∏
k=1
(
1 + 2 cos2 kπ
n + 1
)
.
Given an outerplanar graph G, Corollary 9 gives a method to calculate the number of
perfect matchings of G × K2. Generally speaking, this method does not always hold for
the case when G is not an outerplanar graph. A natural problem to be asked is that under
which condition for a graph G the approach in Corollary 9 can be used efficiently. In terms
of Lemma 5 (a result from Fischer and Little [10]), we obtain the following theorem.
Theorem 11. If G is a simple graph containing no subgraph which is, after the contraction
of at most one cycle of odd length, an even subdivision of K2,3, then there exists a Pfaffian
orientation Ge of G, under which every cycle of even length is oddly oriented, such that
the number of perfect matchings of G × K2 equals
det
(
A(Ge) + I),
where A(Ge) denotes the skew adjacency matrix of Ge and I is the identity matrix.
Proof. Noting that G contains no subgraph which is, after the contraction of at most one
cycle of odd length, an even subdivision of K2,3, then by Lemma 5, G admits an orientation
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is a Pfaffian orientation of G. In order to obtain a Pfaffian orientation of G × K2, we take
a copy of Ge, denoted by Ge1. If we reverse the orientation of each arc of G
e
, then we
can obtain an orientation of G under which every cycle of even length is oddly oriented,
denoted by Ge2. Hence, G
e
2 is the converse of G
e
1. Note that G × K2 can be obtained as
follows. Take two copies of G, denoted by G1 with vertex-set V (G1) = {v′1, v′2, . . . , v′n}
and G2 with vertex-set V (G2) = {v′′1 , v′′2 , . . . , v′′n} (we say that G1 and G2 are the left
half and right half of G × K2, respectively), and add an edge v′iv′′i between every pair of
corresponding vertices v′i and v′′i of G1 and G2, respectively. Then the resulting graph is
G×K2. It is obvious that all edges added v′iv′′i (for 1 i  n) between the left half and the
right half of G × K2 form a perfect matching of G × K2, denoted by M , and Ge1 (or Ge2)
is an orientation of G1 (or G2). If we define the direction of every edge in M is from the
left to the right, then an orientation of G×K2 is obtained, denoted by (G×K2)e. Now we
prove the following claim.
Claim. The orientation (G × K2)e described above is a Pfaffian orientation of G × K2.
Note that M is a perfect matching of G × K2, then by Lemma 4 we only need to prove
that every M-alternating cycle is oddly oriented in (G × K2)e . Let C be an M-alternating
cycle of G × K2. Then C has the following form
v′i1v
′′
i1
v′′i2v
′
i2
· · ·v′′i2mv′i2mv′i1 ,
where v′ij v
′′
ij
∈ M for 1  j  2m, and {v′ij | 1  j  2m} ∈ V (G1) and {v′′ij | 1  j 
2m} ∈ V (G2). If m = 1, it is clear that C is oriented oddly in (K2 × G)e. Suppose
m > 1. By the definition of G × K2, v′i1v′i2 · · ·v′i2mv′i1 is a cycle of even length in G1 and
v′′i1v
′′
i2
· · ·v′′i2mv′′i1 is a cycle of even length in G2, denoted by C1 and C2, respectively. For
the sake of convenience, we say the direction of arc (v′i1 , v
′′
i1
) in C is positive (negative, if
otherwise). Suppose that m′1 and m′2 denote the number of positive arcs and negative arcs
in C which are in the right half of (K2 ×G)e, then we have m′1 +m′2 = m. Similarly, if we
suppose that m1 and m2 denote the number of positive arcs and negative arcs in C which
are in the left half of (K2 × G)e, then we have m1 + m2 = m. By the definitions of Ge1
and Ge2, the number of positive and negative arcs in the orientation of C1 are m1 +m′2 and
m2 + m′1, respectively. Since Ge1 is a Pfaffian orientation under which every cycle of even
length is oddly oriented in Ge1, m1 + m′2 is odd. Similarly, we have that m2 + m′1 is odd.
Note that the number of positive arcs in the orientation of C equals m + m1 + m′1, hence
we only need to prove that m + m1 + m′1 is odd. This is immediate from the following
statements which are proved above:
m1 + m2 = m, m′1 + m′2 = m, m1 +m′2 is odd, m2 + m′1 is odd.
The claim thus follows.
By a suitable labelling of vertices of (G×K2)e, the skew adjacency matrix of (G×K2)e
has the following form
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(
(G × K2)e
)= [A(Ge) I−I −A(Ge)
]
,
where A(Ge) is the skew adjacency matrix of Ge and I is the identity matrix. Hence, by
Lemma 1 we have
[
M(G × K2)
]2 = detA((G × K2)e)= det
[
A(Ge) I
−I −A(Ge)
]
= det
[
A(Ge) + I A(Ge) + I
−I −A(Ge)
]
= det
[
A(Ge) + I 0
−I I − A(Ge)
]
= det(A(Ge) + I)det(I − A(Ge))= det(A(Ge) + I) det(I − A(Ge))T
= det(A(Ge) + I)det(I + A(Ge))= [det(A(Ge) + I)]2.
Hence, we have proved
M(G × K2) =
∣∣det(A(Ge) + I)∣∣.
Since A(Ge) is a skew symmetric matrix, we have
det
(
A(Ge) + I)= t∏
j=1
(1 + iθj )(1 − iθj ) =
t∏
j=1
(
1 + θ2j
)
,
where ±iθj for 1 j  t are the non-zero eigenvalues of A(Ge) and i2 = −1. So we have
M(G × K2) =
∣∣det(A(Ge) + I)∣∣= det(A(Ge) + I).
The theorem is thus proved. 
Remark 12. If every cycle of even length in G is oriented oddly, then that orientation
works for the statement of Theorem 11.
Note that the above theorem can be used to count the number of perfect matchings for
some planar graph as well as some nonplanar graphs. We give an example of the nonplanar
graph as follows.
Example 13. Let G1 = K5, and V (G1) = {1,2,3,4,5}. Note that K5 contains subgraphs
K2,3, hence G1 (= K5) does not satisfy conditions in Theorem 11. In order to
get a nonplanar graph satisfying conditions in Theorem 11, we choose a pentagon
C(1−2−3−4−5−1) in G1 and subdivide every edge of C once. Then we obtain a nonpla-
nar graph with 10 vertices, denoted by G.
Claim. Every cycle of even length in the orientation of G showed in Fig. 6 is oriented
oddly.
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Note that the cycle of length ten in G is C(1−6−2−7−3−8−4−9−5−10−1), it is
obvious that this cycle is oriented oddly in Ge. There are five cycles of length four
in G: C(1−3−8−4−1), C(2−4−9−5−2), C(3−5−10−1−3), C(4−1−6−2−4), and
C(5−2−7−3−5). These cycles are oriented oddly in Ge. Similarly, every cycle of length
six in G is oriented oddly in Ge. Hence, claim holds.
By Theorem 11 or Remark 12, we have
M(G × K2) = det
(
A(Ge) + I),
where A(Ge) is the skew adjacency matrix and I is a 10 × 10 identity matrix.
By using computer software Matlab, we can get easily that
det
(
A(Ge) + I)= 400.
Hence, the number of perfect matchings of G × K2 equals 400.
Theorem 14. Let G be a bipartite graph without cycles of length 4s, s ∈ {1,2, . . .}. Then
the number of perfect matchings of G×K2 equals∏(1 + θ2)mθ , where the product ranges
over all non-negative eigenvalues of G and mθ is the multiplicity of eigenvalue θ .
Proof. Since G is a bipartite graph, G×K2 is a bipartite graph. Assume the vertices in G
have been properly colored, with colors white and black. Let Ge be the orientation obtained
by directing each edge so that it points from the white to the black vertices. Note that G
contains no cycles of length 4s, s ∈ {1,2, . . .}, hence Ge is a Pfaffian orientation of G
under which every cycle of even length is oddly oriented. By Theorem 11 and Remark 12,
we have
M(G × K2) = det
(
A(Ge) + I).
So we only need to prove that det(A(Ge) + I) equals ∏(1 + θ2)mθ , where the product
ranges over all non-negative eigenvalues of G and mθ is the multiplicity of eigenvalue θ .
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Since G is a bipartite graph, we may assume that
φ(G,x) = xn − a1xn−2 + a2xn−4 + · · · + (−1)iaixn−2i + · · · + (−1)rarxn−2r , (1)
where n and r are the number of vertices of G and the maximum number of edges in
a matching of G (see [7]). Note that (−1)iai equals the sum of all principal minors of A
of order 2i , hence (−1)iai equals the sum of detA(H) over all induced subgraphs H of G
with 2i vertices, where A(H) is the adjacency matrix of subgraph H .
Claim 1. ai is equal to the sum of M(H)2 over all induced subgraphs H of G with 2i
vertices, where M(H) denotes the number of perfect matchings of H .
Since G is a bipartite graph without cycles of length 4s, s ∈ {1,2, . . .}, by Lemma 7
every principal minor of order 2i in A equals (−1)iM(H)2, where H is the corresponding
induced subgraph of G. Hence, (−1)iai is equal to the sum of (−1)iM(H)2 over all
induced subgraphs H of G with 2i vertices. Claim 1 thus follows.
Claim 2. For the orientation Ge of G, we have
det
(
xI − A(Ge))= xn + a1xn−2 + a2xn−4 + · · · + aixn−2i + · · · + arxn−2r . (2)
Note that the coefficient of xn−k in det(xI − A(Ge)) is equal to the sum of
(−1)k detA(He) over all induced subdigraphs He of Ge with k vertices, where A(He)
is the skew adjacency matrix of subdigraph He. Let H be the underlying graph of He
and let A(H) be the adjacency matrix of H . Note that G contains no cycles of length 4s,
s ∈ {1,2, . . .}, by Lemma 6 we can see easily that
detA(H) =
{
(−1)k/2 detA(He) if k is even,
0 otherwise.
Hence, the coefficient of xn−k in det(xI − A(Ge)) is equal to 0 if k is odd, and the sum
of (−1)k/2 detA(H) over all subgraph H of G if k is even, respectively. Note that (−1)iai
equals the sum of detA(H) over all induced subgraphs H of G with 2i vertices, hence we
have
det
(
xI − A(Ge))= xn + a1xn−2 + a2xn−4 + · · · + aixn−2i + · · · + arxn−2r .
Claim 2 is thus proved.
Both of Claims 1 and 2 show that θ is an eigenvalue of A(G) (= A) with multiplicity mθ
if and only if iθ is an eigenvalue of A(Ge) with multiplicity mθ , where i2 = −1. Hence,
the theorem follows from the fact that the spectrum of a bipartite graph is symmetric with
respect to 0, a result by Coulson and Rushbrooke [6] (see also Biggs [1]).
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Example 15. Let G be the graph showed in Fig. 7, which has 4N + 2 vertices. Note that
G has the following eigenvalues
1, −1, and 1
2
(
±1 ±
√
9 + 8 cos πj
N + 1
)
, j = 1,2, . . . ,N,
where all four combinations of signs have to be considered (see [5,12,22]). Hence, by
Theorem 14 the number of perfect matchings of G × K2 equals
2
N∏
j=1
[
1 + 1
4
(
1 +
√
9 + 8 cos πj
N + 1
)2] N∏
j=1
[
1 + 1
4
(
−1 +
√
9 + 8 cos πj
N + 1
)2]
= 2N+1
N∏
j=1
(
5 + 6 cos πj
N + 1 + 2 cos
2 πj
N + 1
)
.
Corollary 16. Let T be a tree with n vertices. Then the number of perfect matchings of
T × K2 equals ∏(1 + θ2)mθ , where the product ranges over all non-negative eigenvalues
of T and mθ is the multiplicity of eigenvalue θ .
The corollary is immediate from Theorem 14. The weight of every edge of the above
graphs G equals one. For the case when G is a weighted graph, we say a weighted graph
is symmetric if its underlying graph is symmetric and the weights are constant on the orbit
of reflection. The weight of one perfect matching M is defined to the product of weights of
edges contained in M . We denote by M(G) the sum of weights of all perfect matchings.
Then we can extend Theorem 8 as follows.
Theorem 17. Let G be a symmetric connected plane simple weighted graph such that there
are no vertices lying on the symmetry axis l. Suppose that G is the graph obtained from G
by adding a loop to each vertex in the left half of G which is an end vertex of an edge e in
the edge cut B intersected by the symmetry axis l and the weight of the loop added equals
the weight of edge e. Then there exists an orientation Ge of G such that the number M(G)
of perfect matchings of G equals |detA(Ge)|, where A(Ge) denotes the skew adjacency
matrix of Ge.
Remark 18. Similarly, for the case when G is a weighted graph we can extend Theo-
rems 11 and 14 and Corollary 9.
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